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Problem 4.54

What is the probability that an electron in the ground state of hydrogen will be found inside the
nucleus?

(a) First calculate the exact answer, assuming the wave function (Equation 4.80) is correct all
the way down to r = 0. Let b be the radius of the nucleus.

(b) Expand your result as a power series in the small number ϵ ≡ 2b/a, and show that the
lowest-order term is the cubic: P ≈ (4/3)(b/a)3. This should be a suitable approximation,
provided that b≪ a (which it is).

(c) Alternatively, we might assume that ψ(r) is essentially constant over the (tiny) volume of
the nucleus, so that P ≈ (4/3)πb3|ψ(0)|2. Check that you get the same answer this way.

(d) Use b ≈ 10−15 m and a ≈ 0.5× 10−10 m to get a numerical estimate for P . Roughly
speaking, this represents the “fraction of its time that the electron spends inside the
nucleus.”

Solution

Part (a)

According to Born’s statistical interpretation, the probability that an electron in the ground state
of hydrogen will be found inside the nucleus is the volume integral over the nucleus of the
modulus squared of the ground state wave function. Note that ψ100(r, θ, ϕ) is given in Equation
4.80 on page 148, and the nucleus is a ball with radius b.

P =

�

nucleus

|Ψ100|2 dV

=

� π

0

� 2π

0

� b

0

∣∣∣ψ100(r, θ, ϕ)e
−iEnt/ℏ

∣∣∣2 (r2 sin θ dr dϕ dθ)
=

� π

0

� 2π

0

� b

0

[
1√
πa30

e−r/a0e−iEnt/ℏ

]∗ [
1√
πa30

e−r/a0e−iEnt/ℏ

]
(r2 sin θ dr dϕ dθ)

=

� π

0

� 2π

0

� b

0

[
1√
πa30

e−r/a0eiEnt/ℏ

][
1√
πa30

e−r/a0e−iEnt/ℏ

]
(r2 sin θ dr dϕ dθ)

=
1

πa30

(� π

0
sin θ dθ

)(� 2π

0
dϕ

)(� b

0
r2e−2r/a0 dr

)

=
1

πa30
(2)(2π)

� b

0
r2e−2r/a0 dr

=
4

a30

� b

0

∂2

∂k2

(
a20e

kr/a0
)∣∣∣∣

k=−2

dr

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.54 Page 2 of 4

Evaluate the integral, take two derivatives with respect to k, and plug in k = −2.

P =
4

a0

d2

dk2

(� b

0
ekr/a0 dr

)∣∣∣∣
k=−2

=
4

a0

d2

dk2

[(a0
k
ekr/a0

)∣∣∣b
0

]∣∣∣∣
k=−2

= 4
d2

dk2

(
ekb/a0 − 1

k

)∣∣∣∣∣
k=−2

= 4
d

dk

[
ekb/a0(kb− a0) + a0

a0k2

]∣∣∣∣∣
k=−2

= 4

[
ekb/a0(b2k2 − 2a0bk + 2a20)− 2a20

a20k
3

]∣∣∣∣∣
k=−2

= 4

[
e−2b/a0(4b2 + 4a0b+ 2a20)− 2a20

−8a20

]

= −e
−2b/a0

a20
(2b2 + 2a0b+ a20) + 1

Therefore,

P = 1−
(
2b2 + 2a0b+ a20

a20

)
e−2b/a0 .

Part (b)

Write this probability in terms of ϵ = 2b/a0.

P = 1−
(
2b2

a20
+

2b

a0
+ 1

)
e−2b/a0

= 1−

[
1

2

(
2b

a0

)2

+

(
2b

a0

)
+ 1

]
e−(2b/a0)

= 1−
(
1

2
ϵ2 + ϵ+ 1

)
e−ϵ

Since b is orders of magnitude smaller than the Bohr radius (b≪ a0), ϵ is extremely close to zero;
the closer ϵ is to zero, the better the first few terms of the Taylor series expansion of e−ϵ about
ϵ = 0 will approximate the function.

P = 1−
(
1

2
ϵ2 + ϵ+ 1

)(
1− ϵ+

ϵ2

2
− ϵ3

6
+ · · ·

)
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Multiply the terms together and simplify the result.

P = 1−
[
1

(
1

2
ϵ2 + ϵ+ 1

)
− ϵ

(
1

2
ϵ2 + ϵ+ 1

)
+
ϵ2

2

(
1

2
ϵ2 + ϵ+ 1

)
− ϵ3

6

(
1

2
ϵ2 + ϵ+ 1

)
+ · · ·

]

= �1−

[(
S
SS

1

2
ϵ2 + �Aϵ+ �1

)
−
(
1

2
ϵ3 + SSϵ

2 + �Aϵ

)
+

(
1

4
ϵ4 +

ϵ3

2
+

A
A
A

ϵ2

2

)
−
(

1

12
ϵ5 +

ϵ4

6
+
ϵ3

6

)
+ · · ·

]

=
ϵ3

6
+ terms on the order of ϵ4, ϵ5, and higher

Because of how small ϵ is, the higher-order terms are negligible compared to ϵ3/6.

P ≈ ϵ3

6

≈ 1

6

(
2b

a0

)3

≈ 8

6

(
b

a0

)3

A good approximation for P is therefore

P ≈ 4

3

(
b

a0

)3

.

Part (c)

Because of how small the volume of the nucleus is, another way to approximate P is to treat
ψ100(r, θ, ϕ) as a constant in the triple integral.

P =

�

nucleus

|Ψ100|2 dV

≈
� π

0

� 2π

0

� b

0

∣∣∣ψ100(0, θ, ϕ)e
−iEnt/ℏ

∣∣∣2 (r2 sin θ dr dϕ dθ)
≈
� π

0

� 2π

0

� b

0

[
1√
πa30

e0e−iEnt/ℏ

]∗ [
1√
πa30

e0e−iEnt/ℏ

]
(r2 sin θ dr dϕ dθ)

≈
� π

0

� 2π

0

� b

0

[
1√
πa30

eiEnt/ℏ

][
1√
πa30

e−iEnt/ℏ

]
(r2 sin θ dr dϕ dθ)

≈ 1

πa30

(� π

0
sin θ dθ

)(� 2π

0
dϕ

)(� b

0
r2 dr

)

≈ 1

πa30
(2)(2π)

(
b3

3

)
=

4

3

(
b

a0

)3
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Part (d)

If b ≈ 10−15 m and a0 ≈ 0.5× 10−10 m, then

P = 1−
(
2b2 + 2a0b+ a20

a20

)
e−2b/a0 ≈ 1.076916333886402× 10−14

P ≈ 4

3

(
b

a0

)3

≈ 1.0666666666666667× 10−14.

The percent difference between the exact and approximate values is less than 1%.

Percent Difference =
Exact−Approximate

Approximate
× 100%

≈ 1.076916333886402× 10−14 − 1.0666666666666667× 10−14

1.0666666666666667× 10−14
× 100%

≈ 0.960906%
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